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1. Wprost z definicji:
jf'(x)dx: f(x)+C

jdx:x+c

jadxz ax+C
In|x|+C;n=-1

jx”dx= X"
n+1

+C:nz-1

aX
+C
Ina

jsinxdx =—-cosx+C

jaxdx =

j\/diz = arcsinx+C
1-x
jexdx=eX +C

jcosxdx =sinx+C

dx
=tgx+C
jcoszx g

J' .d>2< =-ctgx+C
sin® x

jlfx > =arctgx+C
X

jsinhxdx =coshx+C

jcoshxdx =sinhx+C

| X _ighx+C
cosh x

jsir:jr):2 X =cgh+C

J' dx =arsinhx+C

V1+x?
j dx
VX -1

jlfb)((z = artghx + C; x (- 1)

= arcoshx+C

J'de)il = arctghx + C; x (- 00,-1) 0 (1, )



2. Wyprowadzenia:

X
Z X
1) J-_de ~ :izj' dx _ 2 :EJ' a —J' = Larctat +c = Larctan® + C
a +X a 1+(§)2 dt:_ a 1+(§)2 1+ a a a
a a a
- T
2) zatazenia : xOR\ | J{km+— }
kOz 2
t = cosx
[tgxdx = js'”x , == SINX = j—_—|n|t|+c_—|n|cosx|+c
COSX dt = —sinxdx COSX

3) zalazenia: x O R\ U{kﬂ }

kOz

t =sinx
jctgxdx j%d = = E—In|t|+C In|sinx|+C
sinx dt = cosxdx t

4) zataenia:xOR,

=|
J'Inxdx:<u nx
dv=1

5) zalazenia:x-a#0

Adx dx _ ft=x-a\ .d | AnltI+Cin=1 Aln|x-a|+C;n=1
I —AI = _AJ'_

= _ =< A _
_a)" —a)" = " T]——t""+C;n#zl” |—(x-a)'"+C;nz1
(x-a) (x-a) dt = dx t - 1_n( )

1
du__>—xlnx j Ckdx = xIn x — jdx xInx=x+C=x(Inx-1)+C

V=X

6) zalarenia ax + b # 0;alc # 0

L d b, d_b ad - bc
jcx+d _J» a c ag, - I(1+ ac )dx=cjdx+35ad_bcj dx
ax+b P d b a a ‘b
a a a
b
t=x+— _Ejdx+ad—bc a_c, . 8ad- bc|n|t|+c_Ex+ad BC 1 1x+ 2 +C
dt = dx a a’ t a a’ 4 &
7) zatwenia:nOZ n (3 )
u=sin""

[\ «in—2
J'sinn xdx = J'sin“‘1 xsin xdx :< xjdu =(n-Dsin XCOSX> =

dv =sinXx

V = —COSX
_ cinh-1 _ N SZ —__ A1 _ TAN-2 SZ —
sin"™ xcosx + | (n—1)sin"™ xcos” xdx = —cosxsin™™ x+ (n—1)| sin"* xcos xdx =

—cosxsin"™* x+(n —1).[sin"‘2 X(1-sin® x)xdx =



—cosxsin"™* x+(n —1).[sin"‘2 xdx —(n —1)jsin” xdx = J'sin” xdx
stad:

jsin” xdx = —lcosxsin“‘l x+n—_1jsin“‘2 xdx
n n
8) zalazenianJZ n (3« )

—_ -1
J'cos“ xdx = J'co§‘1 Xcosxdx = <u = COS™ X

du = —-sinxcos" x\ _
dv = cosx V =sinx >_
sinxcos'™ x +j(n —1)cos? xsin® xdx = sinxcos"™ x + (n —1)jco§“‘2 X(L-cos X)dx =
sinxcos™ x+(n —1)J-co§"2 xdx —+(n —1)I cos' xdx
stad:

jco§ xdx = %sinxco§“‘1 x+nT_1J‘co§“‘2 xdx

9) zalwenia:a®-x*> 0

X 1d
dx 5 a , . X

= =arcsint +C = arcsin—+C
[l T b J e :

10)zatazenia:a® - x> = 0

j\/az—xzdx=j%dx:a2j\/%—jx

xdx _
vJa? - x?
du=1 _ dx

stad:
2

u=x
dv:#
J'x/az—xzdx——j\/i+—x/a - X2 <9>:a7arcsin§+§x/a2—x2+c

11)zalwenia: K > 0

t=x+4x*+k

[ X[ gz e X ax= XK ) TR )G 2 | x+ X+ K [+C
VX2 +k x? +k x? +k t
dx  _dt

NrPaa
12)zatazenia :k > 0

J'\/x2+kdx=.[ X_Xzzi _dx+k.|' —x - < —

+x\/x +k - J.\/X +kdx = J\/x + kdx

dx = jx

J-\/x +k



stad:

k X
X +kdx =— +-x*+k =(1D ==In|x+VXx* +k |[+=4/x* +k +C
[RES er (LD =2 x+y +24
13)zatazenia: f(x) # 0
' t=1f
jf(x)dx= (N e j+C = ()| +C
f(x) dt=f')dx/ Jt
14)zalazenia: m# +n

Isinmxsinnxdx: {sinxsiny = %[COS(X— y) —cosk +y) } = %J'cos[x(m— n)]dx—%fcosp((m+ n)jdx =

t=x(m-n) | u=x(m+n) \ _
dt = (m-n)dx|du = (m+n)du/
1
2(m jcos[x(m—n)](m—n)dx— 2(m+n) Icos[x(m+ n)J(m+n)dx =
jcostdt— IC osudu = sint  sinu e = sin[x(m-n)] _ sin[x(m+n)] N
2(m n) 2(m n) 2(m-n) 2(m+n) 2(m-n) 2(m+n)

15)zatazenia:m # £n

jcosmxcosnxdx = {cosxcosy = %[cos(x +y)+cosx-y) } =

1 1 [ t=x(m+n)
chos[x(m+ n)]dx "'EICOS[X(m_ m]dx = <dt = (m+ n)dx

u=x(m-n) \ _
du = (m-n)dx -

1 —_—
e [ cosp(m+n))(m+ n)dx+ oot [ cosix(m-m](m-n)dx =

J'cosu _sint N sinu N _sin[x(m+n)]+sin[x(m—n)]
_2(m+n) 2(m-n) - 2(m+n) 2(m-n)

1 [ costdt + 1
2(m+n) 2(m-n)

16)zatazenia: m# +n

Isinmxcosnxdxz [sinxcosx:%[sin(x+ y) +sin(x—y) } :%J'sin[x(m+ n)]dx+%jsin[x(m— n)jdx=

t=x(m+n) | u=x(m-n) \ _
dt = (m+n)dx|du = (m-n)dx/
2(m Isin[x(m+ n)j(m+ n)dx + ! ) jsin[x(m— n)](m-n)dx =
J'smtdt J'smudu --_cos _
2(m+ n) 2(m n) 2(m+n)
__Cosu ~__ cosx(m+n)]  cosx(m-n)] N
2(m-n) 2(m+n) 2(m+n)

17)zalazenia:m# 0O



t = mx i i
jcosmxdx= :ijcosnv(l]rdx=ijcostdt=smt+C:S|nmX+C
dt=mdx/ m m m m
18)zatazenia:m# 0O
t =mx
jsinmxdxz :i.[sinmxﬁmdlej-sintdt:—§+C-—Cosmx+c
dt=mdx/ m m m m
19)zatazenia :m# O;mx # kﬂ+§;k 0z
t = cosmx -
J'tgmxdx J-smmx x:< . > __J- msmmx _ igz_ln|t|+cz
COSMX dt = -msinmx COSMX m- t m
In|cosmx|+C
m
20)zalazenia :m# O;nmx # ki kO Z
t =sinmx
jctgmxdx Icosmx = __Imcosnu :_I_t_ln|t|
sinmx dt = mcosmxdx sinmx m
In|S|nmx|+C
m
Int
—+C;n=-1
t=ax+b
21)j(ax+b)”dx= =1j(ax+b)“adx:1jt”dt: a =
dt=adx/ a a t +Cn#-1
a(n+l)
In(ax+b)+c;n=
a
(ax+D) +Cnz -1
a(n+1
22)zalazenia:b # 0;a+bcosx # 0
i t =a+bcosx
J- sinx_ .~ osx\ __1 J- bcosxdx _ _ﬂ:_1|n|t|+cz_ln|a+bcosX|
a+bcosx dt = -bsinx a+bcosx b’t

23)zatazenia:ia,b R,

3
+b 2 3
j\/a+bdx< -4 X> j\/a+b [bdx-—j\fdt-iﬂgm:s—zbtﬂuc::
2
2 (a+bx)®+C
3b

24)zatazenia: x> + px+qz 0 p —-49< 0

In|t[+C;n=1 ;n=
2 dX:<t:x2+px+C|>= g:{:‘lll =1 [ pes glaCin=1

2 n = n +C; n¢1 +C:nzl
(X“+ px+Q) dt = 2x+ p)dx t 1-n 1-n n

+C



1 1

— +C'n= —_ 2 ‘N =
)J‘ ik [t=x+1 —EJ‘ 2xdk _1dt_ 2In|t| C;n 1_ 2In|x +1|+C;n=1
(X2+1)n dt=2XdX 2 (X2+1)n 2 tn tl—n +C.n¢1 (X2+1)1—n

; +C;n#l
2(1-n) 2-2n
26)zalazenia:nZ;n> 1
j :jx2+1—x2 :J» x*+1 _J» x2dx
(X2 +1)n (X2 +1)n (XZ +1)n (X2+1)n
dx . x2dx
Oznaczmyl , = | ————, wigc (26.1)| ., =| _, — | ———
i J‘(x2+1)” w (264) ! I(x2+1)n
x2dx xdx u=x du _1 )
j 2 n _IX 2 n _\dv= X = 1 -
(X° +1) (x* +1) C+D"|  @-2n)(x>+D)"
-X +J- dx _ -X N 1 .[ dx _
(2-2n)(x* +D"* @2-2nN(x*+D"* @-2nN(x*+D)"*t (2-2n)’ (x> +D)"*

-1 X 1
= D 2 n-1 + ln—l
2n-2 (x°+1 (2-2n)
podstawiagc do <26 1>:

X 1
_[I L * B 1 oot
2n-2 (x*+D"*" 2-2n
L dx
a poniewa: In=j RN
(X" +1)
.[ de _ 1 0 2x _1+2n—3j de .
(x*+1)" 2n-2 (x*+)" 2n-27 (x*+1"

27)zatwenieA = p®> -4q<0;n0Z,

dx _ dx _ dx _ dx
I(><2+|0><+q)“_j 2 el

2 4
(= 2X-Dp 2dx.
L) dx I Ny :(—A)nmﬁ J-A
4 2X=Py2 . a1n _ 2dx 4 2 2X=Py2 410
[(ﬁ) +1] dt AT [(ﬁ) +1]
~A Lo dt
) j(t2+1)n

tutaj naley skorzysta ze wzoru <26> (dla n>1).

28)ZatozeniandZ,; p° -49< 0

(e P eq= Py s By P T By Ay



2B 2B
2X+——+p-p )

J‘Z'A‘X—J’dezé . A d =éj‘#dx+éjzp‘—dx—
(x* + px+q)" 27 (x*+px+q)" 27 (X" + px+q)" 27 (X" + px+q)"
t=x*+px+q .[ A B- ApJ- dx _
m:memx (x* + px+q)"
Ap dx __2x-p
—4n|t| +B- ) [————:n=1 =
k ju-um+m = (27)= VAg-p* | _
At Ap j dx n#1 du = 2dx
2(1- ) (< +px+ ) 4p-gq’
J4q-p? -
éIn(x2+px+q)+(B—&)( a-p )arctg X p +C
_ 2 2 2 ,l4q—p2
A(X? + px+q)t" _A ‘e du
(x" + px+0q) +(B p)( ) zj X
2(1-n) (w2 +1)
tutaj zastosowawzor <26>
29)Zatozeniab R,
dx t=x-k dt 1 t 1 x—k
- = =|——=()=——=arctg—=+C=—=arctg——+C
j(x—k)2+b <dt=dx> jt2+b o b o b
30)Zatozenia :sinx# 0
t=tgg
[ ix = fx = gl O =[L=mjtjec=in|gX|+c
SINX " 2sincos~ 2tg-cos ~ 2 X t 2
2 2 2 2 cos -

31)Zatozenia :cosx # 0

s
i:{ cosx:sin(7—2T+x) }:ji:< ‘2+X>_J'i_<3o> In|tg%|+C:

. X
In|tg(—+—=)|+C
I@J(4 2)I
32)Zatozenia: sinxcosx # 0
t =2X
J- dx Ildx _J- 2dx :< > i_<3o> |n|tg%|+C:|n|tgx|+C

sinxcosx 7 1 5 7 SIN2x dt = 2dx sint
2
33)Zatozenia :sinxcosx # 0
J- dx J-(sm x+c052x)dx .[ sinxdx ¢ —cos’ xdx _J- dx _J- dx
sin® xcos” x sin® xcos® sin® xcos® sin®xcos’ x Y cos® x Y —sin®x

tgx—-ctgx+C



34)Zalozenia : x DR\ U{’—T+ % }

kOz

sin® xdx _ ¢ (L—cos’ x)dx dx cos’ xdx
tg? xdx = = = - =tgx—-x+C
j J j cos® X j cos® x J‘coszx I cos® X J
35)Zatozenia : xO R\ U{kn }
kOz
— 1 2
jctgz xdx:J'CO_s:XdX :.[(1 s_ln2 X)dx J- J-sm xdx = _Ctgx-x+C
sin® x sin® x sin® x sin® x

36)zatazenia :n0Z;n>2;x0OR\ U{g+ kT }

kOz

J-tgn xdx = J-tg“‘2 x g ?xdx = jtg” 2 Bsm—xdx = .[tg“‘2 xm = .[tg“‘2 X —1)dx =
cos? cos X cos’
t=tgx
n-2 dX _ n-2 — — n-2 _ n-2 - 1 n-1 _ n-2 =
J'tg e jtg de_<dtzcods)z(x>_'[t dit jtg xix =t Itg xdx

1 n-1 n-2
—t -t xdx
—1g [tg

37)zal@enia:n0Z;n > 2 xOR\ U( kit }

kOz

[etg" de:f ctg™* x etg” xx = ctg™” x Gc—dx [etg" x ~Sin" X =
sin’ x sin® x
t =ctgx
jctg X[ —1)dx=jctg”2xG— jctg”zxdx_ _—dx )=
sin® sin” X dt =

sin® x
_ n-2 _ n-2 - _ 1 n-1 _ n-2 - _ 1 n-1,, _ n-2
I t"edt I ctg” “xdx = n_—lt I ctg" " xdx = n—_lctg X I ctg" “ xdx

du1: 1\ _xcosex | 1
v = ~—cosix c

u=xX Sincx  XCosx

J'coscxdx— o~ +C
C C

38) jxsincxdx :<

dv = sincx
39)zatazenia: sincx # 0
t=c
j o :< X >-— £—<30>——In|tg—|+C——In|tg—|+C

sincx \dt=cdx/ csint
40)zalazenia: n0{- 2,-1



I x(ax +b)"dx <dv u(a_x)ib)“ v
t=ax+b\ _x(ax+b)™ 1 e
<dt:adx>_ a(n+1) _az(n+1)J-t = an+1)  a*(n+1) n+2
x(ax+b)"™  (ax+b)"? _a(n+2)x(ax+b)™ - (ax + b”*z) iC=
a’(n+1)(n+2)

an+1) a’(n+1)(n+2)
n+2)x—ax— b, - a(n-1)x-b (ax+b)™ +C

- D) )= a(n+1) a(n+1)

du=1 (ax + b) B .[ (aX + b)n+1dx _
- a(n+1)

t n+2

x(ax +b)™ 1 ™ s

n+1|:a(
S (71 %) I o) (v
41)zalazenie :ax+b# 0
d t=ax+h 1c(t +b b
Iax+b dt ta—dé)( aJ- at aZI I I|a| c= a’
a

Poniewa %jest stad mazna jp wiaczy¢ do stalej catkowania. Tak wad

[ XX _X_ 8 |ab+bf+C
ax+b a b

42)zalazeniaiax+b £ 0

In|ax+b|+C—

t=ax+b
J‘ XX _ [t = ad :ij(t_b)zdt:i a_ Idt— 1I nlt| - i[—|£+C—
(ax+b)’ Lot-b/ a at? a’’ t t?  a’ a’
a
L 1.1 +izln|ax+b|+C

St
a’ r]||+a2t a’(ax+b) a
43)zatazenia: ax + b # 0;n 0 {1,2}

th

t=ax+b
— 2-n
| XX _ [ Gt = adx =1j—( b)dtzijtl‘”dt—ﬁjt‘”zia—t b[—l—+c-
(ax +b)" X_t—b a’ at' a’ a’ a? 2-n a® 1-n
a
- (1—n)—b(2—n)_+C: (ax+b)1-n)-2b+bn _ax—nax+b-bn-2b+bn . _
a?(2-n)1-n) a?(2-n)1-n)(ax+b) a’(2-n)1-n)(ax+b)"*
all-n)x-b iC= all-n)x-b ic
a’(n-1)(n-2)(ax+b)"*

a’(2-n)a-n)ax+b)"*

44)zatazeniaiax + b # 0



x2dx | . _1p(t-b)dt _ 1 t2—2tb+b _1
a
2 2
A e [eo = L[ @O oacin) b2 infax+ | +C
a®| 2 a’ 2
45)zalazenia:ax + b # 0
x2dx t=axh 1p(t-b)’dt _ 1 (t>-2th+b dt
— — — — 2
j(ax+b)2_ dt_—ta_dg ‘gf 7 —;It—zdt——[fdt 2bj—+bjt}
- a
2 2
1{t—2b|n|t| bt}c=i3{ax+b—2b|n|ax+b|— b }+c
a’® a ax+b

46)zalazenia: ax+b # 0

x2dx _ 1 (—b)zdt_ 1 t2-2tb+b® 1 "
j(ax+b)3— :i—% ‘gj 213 —gjt—gdt_g{ __ZbI_ sz }
- a
2
1 In|t|+2_b—b_ C—i In|ax+b|+ b b C
a’® t 2t a’® ax+b 2(ax+b)2

47)zatazenia:ax + b # 0;n O {1,2,3}

x2dx ~ _1¢(t-b)dt _ 1 ct>-2bt+b® _ 1
j e )= [ LR =

a2t n 3

" t2"dt — 2bjt1‘”dt + szt‘”dt] =

+C

1] t3  2ptz" bztl‘“}
— - +

1 1 2b b?
== + - +C
313-n 2-n 1-n 3

R T e T R
48)zatazenia: x(ax+b)# 0;b % 0

J- dx
x(ax +b)
Funkcg podcatkowy rozbijam na sumutamkéw prostych:



1 A B
—=—+
x(ax+b) x ax+b
1= A(ax +b)+ Bx
Podstawianx =0:

1= Ab= A=1
b

Postawianx = —E
a

lthé—Ej: g=-2
a b

Tak wiea:
ax+b
X

+C

=<21>=}In|x]—lln|ax+b|+c:In
ax+b) b? x blax+b b b

j dx  _ledx_ap dx
X

49)zatazenia: abx(ax +b) # 0

J‘ dx

x?(ax +b)

Rozbijamfunkcje podcalkowanasumeulamkéwprostych:
1 A B C

x?(ax+b) x x* ax+b
1= Ax(ax +b)+ B(ax +b) + Cx?
podstawiamx =0:

1= Bb:B=1
b

podstawiamx = _b
a

2 2
15C[€—9J —c=2
a b

Rozpisug :
_ 1 a’
1= Ax(ax+b)+B(ax+b)+b—2x

2
1= Aax? +Abx+%x+1+‘§—2x2

2
1= Aa+a—2 NG +[Ab+EJx+1
b b

stad:



2

O:Aa+%:>A=—b%
Tak wiea:
dx acdx 1pdx a’; dx a 1 a
—— = | =+ | =+ | ——=<21>=-=InX——+—=Infax+ b+ C =
sz(ax+b) szx bsz szax+b b? || bx b? [ax+b
_i+£| aX+b+C
bx b’ X
50)zatazenia: abx(ax +b) # 0
J- dx
x?(ax +b)
Funkcg podcatkowy rozbijam na sugutamkéw prostych.
1 __A,B,C , D

x*(ax+b)? x x* ax+b (ax+b)

1= Ax(ax +b)* + B(ax +b)* + Cx?(ax + b) + Dx?
podstawianx =0

1= Bb2:>B=b—12

podstawianx = —

podstawiam
2

1= Ax(ax +b)? +b—12(ax+b)2 +Cx2(ax+b)+%x2
2

1= Ax(azx2 +2abx+b2)+b—:|'2((;12x2 +2abx+b2)+Cx2(ax+b)+%x2

2 2
1= Aa’x® + 2Aabx® + Ab2x+%x2 +2—k;51x+1+Cax3 + Cbx? +%x2

2
1= (A612 +Ca)x3 +(2Aab+2biz+ijx2 +(Ab2 +%)x+1

awiew.



Aa2+CaZ:O
2Aab+2bi2+c:b=o

A +22 =0
b

z ostatniegadéwnaniawyliczam:
2

b
2a
s
podstawiandorownaniapierwszego

3
_2a’
"0
tak wigc:
dx _2a¢dx 1 ,dx 2a*; dx a° dx

e L E St P

lax+b)f b x b2 xE b Jax+b b?J (ax+b)

2a 1 2a a 1 1 2, lax+b
-—InX-—+—Ihax+bh+—-7——-+C=- + -—In

b° |X| b®x  b° | | b?(ax +b) a(bz(ax+b) ab’x b° ‘ X

Ab? =

A=

C

=< 21>=

]+c

51)zatazenia: x> -a® # 0

dx dx
sz - a? _I(x—a)(x+a)

rozktadam funkej podcatkova na sung utamkéw prostych:

1 A B
+

(x-a)(x+a) x-a x+a
1= A(x+a)+B(x-a)
podstawiank = a
1=2Aa= A= 1

2a
podstawiank = —a

=-2Ba= B= _ 1
2a
tak wiec:
J- dx _ 1, dx 1 dx X—a

X+a

+C

x>—a?> 2a’x-a 2a’x+a

1 1
=<21>= L (ifx-d-tnf+d)+c = Lin



52)zatazenia x> -a® # 0

X 1 .
| dx :_ij « _[/ 73 le dt _ -~ artght +C;t 0(- 11) _
W —a? & 1_(Xj2 dt:_(z( ad1-1? _iartght+c;tD(—oo,—1)D( )

a

—lartgh§+c;xD(— a,a)
a a

1 X
—-—artgh—+C; x0(—,-1) 0
aarg a+C,x ( 0, ) (:LOO)

53)zatazenia: a® - x* = Ca

jx\/a - X dx—< -a _X> —J'tzdt——;t2+C——

dt = —2xdx
cost +1

dx :—J'coszxdx+—J'dx =<17 >:lsin2x+1x+c
2 2 4 2

1
3
54) J'cos2 xdx = j

cost 1

55)j5|n xdx = j dx :%jcostdx—%jdx=<17>%sin2x—%x+c

56)zatazenia:a’ — x> > 0

X = asint
IL: t:ar(:sin5 = dt=t+C:arcsin§+C
laZ _ X2 d a a
dt =— =
a’-x?
57)zalazenia :
a’-x>>0
X = asint
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